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Abstract. Message sequence charts (MSCs) are diagrams widely used
to describe communication scenarios. Their higher-order formalism is
provided by graphs over MSCs, called message sequence graphs (MSGs),
which naturally induce a non-interleaving linear-time semantics in terms
of a pomset family. Besides this pomset semantics, an operational se-
mantics for MSGs was standardized by the ITU-T as an interleaving
branching-time semantics using a process-algebraic approach. A key in-
gredient in the latter semantics is delayed choice, formalizing that choices
between communication scenarios are only made when they are inevitable.
In this paper, an approach towards branching-time semantics for pom-
set families that follows the concept of delayed choice is proposed. First,
transition-system semantics are provided where global states comprise
cuts of pomsets represented either by suffixes or prefixes of family mem-
bers. Second, an event-structure semantics is presented those benefit is
to maintain the causal dependencies of events provided by the pomset
family. These semantics are also investigated in the context of pomset
families generated by MSGs.

1 Introduction

During the last decades, much effort has been put into developing models for
concurrent systems to specify and reason about communication protocols. Mes-
sage sequence charts (MSCs) provide an intuitive formalism to describe scenarios
for asynchronously communicating processes. They are standardized by the ITU
[18] and have been also included into the current UML 2.0 specification [11]
as sequence diagrams. An MSC comprises time lines for each process on which
events of the respective process are totally ordered, and message arrows that
connect corresponding send and receive events between the processes. Two com-
munication scenarios given by MSCs can be composed by extending the time
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lines of the first MSC by the time lines of the same process in the second MSC.
This naturally allows for specifying collections of MSCs by graphs over MSCs,
called message sequence graphs (MSGs): an MSG describes all those MSCs that
arise from sequential compositions of MSCs along paths in the MSG.

Ezample 1. In Figure [, an example MSG is depicted that contains two non-
empty MSCs, both describing a communication scenario where process s sends
data to process r and waits for an acknowledgment. The left scenario branch
models the case where a failure during the transmission of data occurred, im-
posing a timeout at process s. Then, s resends the data to r, being either un-
successful again (see the self loop at the left box) or being successful (switching
to the right box). In the latter case, when r successfully received all data, an ac-
knowledgement is sent to s and the communication between s and r terminates.
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Fig. 1. An example MSG for sender-receiver communication scenarios

Semantics for MSGs. In the taxonomy of models for concurrent systems
[34], different abstraction levels of semantics are provided along two orthogonal
axes: one distinguishes between non-interleaving and interleaving and the other
between branching-time and linear-time semantics. Non-interleaving semantics
model causal dependencies and the independence of actions in an explicit way.
Within branching-time semantics, the information when choices are made during
an execution of the system can be modeled, while linear-time semantics abstract
away from the points where these choices are made. To this end, non-interleaving
branching-time semantics can be seen as the most general semantics in this
taxonomy and interleaving linear-time semantics as the most abstracted ones.

MSCs naturally induce a non-interleaving linear-time semantics in terms of a
partially-ordered multiset (pomset) [30], provided by the total time-line orderings
and the fact that any send event has to precede its corresponding receive event
[1]. The composition of MSCs is defined syntactically by gluing process time
lines together. This corresponds to the local concatenation of pomsets [30] where
events of the same process are assumed to depend on each other. Thus, a non-
interleaving linear-time semantics for MSGs is naturally defined by a family of
pomsets comprising the MSCs that arise from concatenating pomsets of MSCs
along paths in the MSG. This semantics for MSGs is widely accepted in the
literature and often used to reason about MSGs (cf., e.g., [T92826/212T)J5] and
surveys [27/9]).
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Although the pomset semantics for MSGs is very natural, the standard se-
mantics for MSGs specified by the international telecommunication union (ITU-
T) in [I7] is an interleaving branching-time semantics, defined through a process-
algebraic approach. Besides historical reasons, the choice of this approach has
been mainly motivated by providing an operational semantics for MSGs that
allows to reason about the step-wise behavior of systems specified by MSGs
[2331]. The basic building blocks of the process-algebraic semantics are pro-
cess terms for MSCs [22] defined over atomic actions, standard concatenation -,
and standard choice +. These process terms have an interleaving branching-time
semantics. The standardized process-algebraic semantics for MSGs is obtained
by a well-known standard transformation from automata theory, leading to a
regular expression over process terms for MSCs [31]. Within this regular expres-
sion, special operators for concatenation, choice and recursion [24,17,23,31]E| are
employed:

— Concatenation is provided by weak sequential composition borrowed from
[33] those purpose is to transfer the local concatenation on pomsets [30] to
the world of interleaving branching-time semantics. The definition of weak
sequential composition is based on a permission relation that specifies how
process terms can be influenced by firing actions not contained in the process
term itself but in its context.

— The choice operator is given by delayed choice [3], an intrinsic linear-time
operator where choices between MSC fragments are delayed until they are
inevitable. According to [3], “the delayed-choice operator acts as a determin-
istic choice in the context of strong bisimulation by unifying process-algebra
terms with a common prefix”.

— Recursion is defined by adapting the recursion operator of [4] for MSGs with
rules for weak sequential composition and delayed choice [31].

The main challenge within the process-algebraic approach towards an opera-
tional semantics for MSGs comes into play when interpreting recursion on pro-
cess terms that involve weak sequential composition and delayed choice, as their
definition requires negative premises in the operator-defining rules. It is well
known that negative premises in operator-specifying rules impose several diffi-
culties when aiming towards fixed points [10]. Reniers, one of the authors of the
standardized process-algebraic semantics [I7], noticed in his doctoral thesis [31]
that “the definition of the permission relation on recursive equations is extremely
difficult and no solution is found there yet” (see page 160 of [31]). Although [31]
adapted the standardized semantics to avoid recursive equations, his process-
algebraic semantics still contains negative premises in operator-specifying rules.
Besides others, this raises the question whether an operational semantics for
MSGs could be defined without sophisticated operators in terms of weak se-

! The cited papers focus on high-level MSCs, i.e., MSGs which in addition allow for a
hierarchical structure and parallel composition. As high-level MSCs can be unfolded
into an MSG [2] without changing their operational semantics, we disregard the
parallel composition operator and focus solely on MSGs in this paper.
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quential composition and delayed choice but where the main concepts of the
standardized process-algebraic semantics are maintained.

Our contribution. Following the concept of delayed choice but avoiding so-
phisticated process-algebraic operators, we define branching-time semantics for
pomset families. During the presentation of our semantics, we exemplify their ap-
plication to MSGs using the running example from the introduction. We first aim
towards interleaving branching-time semantics (as within the process-algebraic
approach defining delayed choice [3]) and present two different views on defining
transition systems for pomset families:

(1) Suffix transition systems arise from interpreting delayed choice on pom-
set families that, similar to the process-algebraic approach, contain all pos-
sible future behaviors of pomset-family members. This semantics is used as
a reference model for all other semantics in this paper.

(2) Prefix transition systems interpret delayed choice based on the past be-
haviors of the pomset family members. They are deterministic and bisimilar
to the corresponding suffix transition system (1).

The purpose of suffix transition systems (1) is to closely follow the process-
algebraic approach for defining delayed-choice semantics in the context of pomset
families. Prefix transition systems (2) complete the picture of our approach and
extend the delayed-choice semantics for MSGs provided in [8] towards arbitrary
pomset families. This semantics thus provides the connection of the semantics
defined throughout this paper to the approach by [8]. Every MSG naturally
induces a pomset family where each member is an MSC. Thus, suffix and prefix
transition systems also provide delayed-choice semantics for MSGs.

We furthermore present a non-interleaving branching-time semantics for pom-
set families in terms of a prime event structure [29]:

(3) Pomset event structures maintain the causality information between the
events in the pomset family members. For pomsets generated by MSGs, the
transition system induced by the pomset event structure is isomorphic to
the corresponding prefix transition system (2).

As far as we know, pomset event structures (3) provide the first non-interleaving
branching-time semantics for MSGs that follows the concept of delayed choice.

As intended by the authors of [33], it is quite natural that the weak sequential
composition operator corresponds to the local concatenation of pomsets in our
setting, not requiring the sophisticated definition of the permission relation that
imposes difficulties within recursion. We show that the process-algebraic delayed-
choice operator corresponds to the standard union operation in the setting of
pomset families.

Further related work. The process-algebraic approach for the standard op-
erational semantics for MSGs [24/I7I2331] uses interleaved models of MSCs as
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basic building blocks. Based on these process terms for MSCs, sophisticated op-
erators of weak sequential composition and delayed choice are used to mimic the
linear-time behavior of MSGs in the branching-time setting. This is in contrast
to our approach, where we use the pomset semantics for MSCs as basic build-
ing blocks and exploit standard linear-time operators before interleaving pomset
families towards a branching-time semantics.

Besides using the process-algebraic approach, a transition-system semantics
for MSGs has been presented in [7] also based on the pomset semantics for
MSGs but not obeying delayed choice in the sense as we establish in this paper.
In particular, the transition system of [7] is not deterministic. Most related to
our pomset event structure (3) is the prime-event-structure semantics for MSGs
presented in [I2]. However, their recursive definition employs the standard choice
operator instead of delayed choice, inducing a transition-system semantics that
is non-deterministic and infinitely branching. Further branching-time semantics
not following the concept of delayed choice have been presented as graphs with
synchronization points [21], or Petri-net components [14].

In order to reason about quantitative aspects of MSGs, our previous work
in [8] presented a transition-system semantics for MSGs that essentially corre-
sponds to the prefix transition-system semantics (cf. (2) above).

2 Preliminaries

In this section, we recall basic concepts of models for concurrency, communica-
tion systems and notations used throughout this paper. By IN we denote the set
of non-negative integers. For any set X, we denote by 2% the power set of X.

2.1 Models for concurrency

The models we use throughout this paper mainly follow the taxonomy detailed
in the introduction (cf., e.g., [34]), comprising linear-time models in terms of
formal languages (interleaving) and pomsets (non-interleaving), and branching-
time models in terms of transition systems (interleaving) and event structures
(non-interleaving). Furthermore, we follow the principle of atomic actions, i.e.,
tasks of the system indivisible on the abstraction level of the model, where we
denote by X the alphabet of all actions. Instances of actions are events from a
set F that are labeled by its corresponding action name via a labeling function
A E— X

Formal languages. We denote by * and Xt the set of all finite and non-
empty finite words over X, respectively. By ¢ we denote the empty word. A
language over X is a subset of X*. By w[i] we denote the (i+1)-st symbol of a
word w and by |w| the length of w.

Pomsets. A labeled partial order is a tuple P = (E, <, \), where < is a partial
order over a set of events ' and A\: E — Y is the labeling function. We identify
isomorphic labeled partial orders, i.e., we treat them as pomsets [30]. We call a
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pomset basic if X is injective and finite if F is a finite set. If not stated differently,
we assume any pomset to be finite. Furthermore, we restrict ourselves to pomsets
that are not autoconcurrent, i.e., for all e;e’ € E with A(e) = A(e/) we have
either e < ¢’ or e > ¢’. The empty pomset is denoted by @. The set of pomsets
over X is denoted by POyx. A linearization of P is a word w € X* for which
there is a bijection &: {0, ..., |w|-1} — E with A(£(7)) = w[i] and £(7) 3+ £(j)
for all i« < j < |w|. P is total if for all e,e¢’ € E with e # ¢ we have either
e < € or e > ¢. With abuse of notations, we identify total orders with their
linearization. For a set of events F', we denote by P|r the projection of P onto
F, ie., the pomset (EnF,<p,\r), where e <p €’ iff e,/ € EnF and e < ¢/,
and where A\p(e) = a iff e € FnE and A(e) = «. The upward closure on F
is defined as 1 F = {e € E: 3¢’ € F.e > €'}. A pomset P’ for which there is
an upward closed F' with P’ = P|p is called suffiz of P. P’ is an a-suffiz of
P if furthermore E\F={e} with A(e) = a. The set of all (a-) suffixes of P is
denoted by Suff(P) (Suff,(P), respectively). Accordingly, we define the notions
of downward closure | F, and prefizes Pref(P) and Pref,(P). A pomset family
is a set of pomsets, where we denote the set of all pomset families over X by
POF 5, = 2PO=_ Notations for pomsets defined above extend to pomset families
P € POFx; as expected, e.g., for some a € X, Suffo(P) = Upey Suffa (P). The
notion of a-suffixes is generalized to pomset families Suff,,(P) of w-suffixes of
P for w € £* by defining Suff.(P) = P and Suff .o (P) = Suff, (Suff,,(P)), for
we X ae .

Transition systems. A transition system over an alphabet X is a tuple T =
(S,t,—, Term) where S is a countable set of states, ¢ € S an initial state,
—> C© Sx X xS a transition relation, and Term < S a set of termination states.
A path for a word w = agaq - ay,_1 IS a sequence T = SgaES1QAY ... Qp_1Sp,
where sg = ¢ and s; —> s;,1 for all i < n. 7 is an ezecution for w if s,, € Term.
T is finite if its reachable part {s € S : « —* s} is finite. T is deterministic if
for all s,t,#' € S reachable in 7 and a € X with s — t and s — ' we have
t = t’. The set of all transition systems over X' is denoted by TS$x.

Event structures. As a branching-time non-interleaving model we rely on (la-
beled) prime event structures [29] and amend a notion of termination. A prime
event structure is a tuple £ = (F, <, A\, #) that extends a possibly infinite pom-
set (E, <, ) with an irreflexive and symmetric conflict relation # < Ex E such
that the following conditions hold:

(principle of finite causes) |e is finite for all e € E, and
(conflict heredity) efte’ and e’ < e” implies efte” for all e,e’,e” € E.

A configuration of £ is a finite subset of events C < F that is

downward-closed, i.e., |C = C, and
conflict-free, i.e., for all e,e’ € C we never have e#e’.

The set of configurations of £ is denoted by Conf(£). A prime event structure
with termination is a pair (€, Term), where £ is a prime event structure and
Term < Conf(€) is a set of termination configurations. To simplify notations,
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we use the notion of an event structure instead of “prime event structure with
termination”. We denote the set of all event structures over X' by ESy.

2.2 Relations between models for concurrency
Following [34], we introduce mappings between the models of the last section:

— t5: ESx — TSy is the function that assigns the transition system ts(€) =
(Conf(é’), g, —, Term) to an event structure £ = (E, <, \, #, Term), where
C % Diff D =C u {e} for some e € E with \(e) = a.

— pof: ESy, — POF y is the function that assigns the pomset family pof(€) =
{(C,<|e, M) : C € Term} to an event structure £ = (E, <, A, #, Term).

— lang: TSy — X* is the function that assigns the language lang(7) to a tran-
sition system 7 comprising all words for which there is an execution in 7.

— lang: POFy — X* is the function that assigns the language lang(P) =
Upeq Lin(P) to a pomset family B, where Lin(P) denotes the set of lin-
earizations of P

It is well known that these functions commute, i.e., for any event structure & we
have lang(ts(€)) = lang(pof(€)).

Bisimulation. Bisimilarity is a central concept to compare the behavior of
branching-time models [25]. A bisimulation between two transition systems T =
(S,t,—>,Term) and 7' = (S',1/,—>', Term’) is a binary relation = € S x S’
where ¢ = ¢/,

(a) for all s € Term there is an s’ € Term’ with s = s’, and

(a’) for all s’ € Term’ there is an s € Term with s = &/,

and where for all s € S and s’ € S’ with s = s’ we have that

(b) for all t € S with s - ¢ there is a ¢ € S’ with s’ -/ ' and t = ', and
(b') for all ' € §" with s’ %' ' there is a t € S with s %>t and t = t'.

If there exists a bisimulation between 7 and 7', then 7 and 7' are called
bisimilar. A bisimulation for T is a bisimulation = between 7 and 7. We shall
often use the well-known fact that bisimilarity coincides with trace equivalence
for deterministic transition systems.

Lemma 1. If T and T’ are deterministic transition systems, then T and T’
are bisimilar iff lang(T) = lang(T").

2.3 Modeling communication systems

Let P denote a finite set of processes and let A be a finite alphabet of data labels.
To model communication between processes, we consider a special instance of
the alphabet Y. That is, we consider the set of communication actions Act =

2 Note that we overload the function lang for transition systems and pomset families.
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Upep Acty,, where Act, comprises all actions a process p € P may perform,
i.e., send actions plg(m) (process p sends a message m to process ¢), receive
actions p?q(m) (p receives m from ¢), and local actions p(l) (p performs a local
action [), for processes ¢ € P, and data labels m,l € A. Events are instances of
actions collected in a set F to which we assign actions by a labeling function
A: B — Act. Given a set of events F' € F, we denote by F) the set of send events,
ie, i ={ee F:3p,qe P,me AXe) = plg(m)}, and by F; the set of receive
events, i.e., F, = {e € F : 3p,q € P,m € A.\(e) = p?q(m)}. Furthermore, for a
process p € P and pomset P = (F, <, \), we define F), = {e € F : A(e) € Actp}.

Message sequence charts. The ITU-T standard [I5] introduced message se-
quence charts (MSCs) as visual formalism for communication scenarios. Here,
we recall the definition of MSCs based on pomsets [20].

Definition 1. An MSC is a pomset M = (E,<,\) for which M|, is total for
each p € P and where < = ( <, U Uper <|g,)". Here, <,= {(e,u(e)) : e € B\}
denotes the binary relation defined for a bijection p: Ey — E7 with A(e) = plg(m)
and A(p(e)) = q?p(m) for all e € Ey.

The mapping p in the above definition guarantees that the action labels are
compatible with the interpretation of send and receive events, i.e., matches every
receive event with a corresponding send event. The requirement that the events
of a process are totally ordered formalizes the time-line ordering. We denote by
IMSC the set of all MSCs and by bIMSC the set of all basic MSCs, i.e., MSCs
(E, <, \) where A is injective.

FEzample 2. Let us return to the introductory Example [1| that models a simple
set of communication scenarios over processes P = {s,7}. The MSC depicted
on the left-hand side models a scenario with some timeout event, formalized
by Mt = (Et,ét,)\t) with Et = {!,?,tO}, < = {(',‘?),(',to)}, and )\t(‘) =
slr(data), A(?) = r?s(data), and A (to) = s(to). Likewise, we formalize the
MSC on the right-hand side by M, = (Eq4, <a,Aa), where E, = {!d, ?d, la, ?a},
<a = {(1d,7d), (la, ?a), (?d, !a)}*, and where ), is given by A,(!d) = slr(data),
Aa(?d) = r?s(data), A\o(la) = rls(ack), and A\,(?a) = s?r(ack). Note that both
MSCs are basic.

Composition. Pomsets over Act are composed by performing a local concate-
nation where events of the same process depend on each other [30]. Formally,
we define ©: POt xPO 4t — PO as follows: Let X = (X, <x,Ax) and
Y = (Y, <y, Ay) be pomsets over Act with X n'Y = ¢F. Then, XO) is defined
as the smallest pomset Z = (Z,<,\) where Z = XUY, <|x = <x, <|y = <y,
and where for all p e P, e € X, ¢ €Y, we have e < ¢. The composition opera-
tion is extended to sequences of pomsets by @: PO% ., — PO 4.¢, where O = @
and @(7P) = (Or) ©P for any m € PO%,, and P € PO 4. For a language over
pomset sequences L € PO, we define ©L = {On : m € L}.

In case the pomsets to be composed are MSCs, it is easy to see that composi-
tion again yields an MSC. Intuitively, composing MSCs corresponds to “gluing”
their process lines together.
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Message sequence graphs. Whereas MSCs model single communication sce-
narios, message sequence graphs (MSGs) were introduced in [16] as the standard
higher-order formalism to specify collections of communication scenarios, i.e.,
sets of MSCs.

Definition 2. An MSG is a tuple G = (B, by, —, 3), where B is a finite set of
boxes, by € B an initial box, — < Bx B a transition relation, and §: B — bIM$C
a labeling function that assigns basic MSCs to boxes.

Note that we allow § for assigning the empty MSCs @ to some box. We extend 3
towards : B* — MSC by inductively defining 8(¢) = @ and B(wb) = S(7)OB(b)
for m € B* and b € B. A box sequence w = bgby ...b, € B* is called a path in G if
b; < by for all i < n. If 7 cannot be prolonged in G, i.e., there is no b € B such
that b, — b, we call ™ an ezecution of G and define by B[G] the box language of
G as the set of executions of G. In the following, we assume that any path in G
can be prolonged towards an execution of G. An MSC M is accepted by G if M
arises from a composition along an execution of G. The pomset semantics of G
is the set of all MSCs accepted by G, denoted by B[G] = B(B[]).

Ezample 3. The the MSG Gy, from Example [1] is formalized by

Gbsp = ({L7t7 a}, ¢, {(t,), (e, @), (¢, 1), (¢, a)}’ﬁ)

with 8(¢) = @, B(t) = M, and B(a) = M, where M, and M, are the MSCs
defined as in Example [2l The set of paths in Gy, is the regular language given
by the regular expression € + tt*(a+¢). The box language B[Ghsp] is given by the
regular expression (t*a. The communication scenario arising from the execution
tta € B[Ghsp] is the MSC (E,<,A) = S(1) © B(t) © Bla) = My © M,, ie,
E = EUE,, <= (< U <, u{(to,ld),(2,7d)})", and A = A\ U A,

3 Transition systems for pomset families

In this section, we present transition systems for pomset families that follow
the concept of delayed choice. For this, let us fix an alphabet of actions X.
Although we do not consider process algebras in detail here, let us support the
intuition behind delayed choice operator F by providing the process-algebraic
rules of [3], where F has been defined first. A process term stands for a possible
future behavior of the system, where reductions on the terms are made through
firing actions. The operational semantics of F is provided by the rules (DC1),
(DC2), (DC3), and symmetric rules with exchanged roles for process terms z
and y (and process terms 2’ and 3/, respectively). In these rules, x > y stands

«@ / «@ @ ! a !
term(@) po1y TP Y™ (pea) Y=Y (DC3)
term(z F y) (zFy) > (zFy) > (@' Fy)

. . . « . .
for an execution of an action a € X in x, x - expresses that action « is not
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executed by x, and term(x) stands for x having the option to terminate. Hence,
(DC1) states that  Fy can terminate if 2 can. The other rules illustrate exactly
the intuitive behavior of delayed choice: the choice between two process terms
x and y is not resolved when they perform the same actions (cf., (DC3)), but
when from z an action is performed that is not enabled in y (cf., (DCZ2)).

Operational semantics for pomset families. To specify the operational
behavior of systems described by some pomset family 3, a central aspect is to
identify the global state of the system and to describe the step-wise behavior
from each of the states. For a single pomset P = (FE, <, ), a global state is
traditionally defined by a cut, i.e., a partition of the events F into past events
U and future events V = E\U. Thus, every cut of P can be specified by either
the set of past events U or future events V — the respective other set of events
follows from the fixed set of events E. From a cut, action « can be performed
when there is a minimal future event e € V labeled by «. After performing «,
the event e from the set of future events V' is moved to the set of past events U.

Having the interpretation of delayed choice in mind, where process terms
describe future behaviors, we may describe cuts by their future events and amend
the partial order and labeling inherited from the given pomset. This yields a
formalization of the stepwise behavior % of executing an action a over (future)
pomsets ) € POy by Y < Suff, (3)) The principle of the operational behavior
for single pomsets can be generalized towards pomset families by ~— € POF 5 x
Y xPOF 5, where the standard union on pomset families serves as delayed choice
within the step-wise behavior ~— described above. That is, for a pomset family
X € POFy, we have X & Q) iff 9 = Suff,(X). It is easy to check that the
rules for delayed choice specified for process algebra terms are fulfilled by ~ (cf.
(DC2) and (DC3)), replacing > by % and using pomset families instead of
process terms. Here, X < denotes that Suff,(¥) = . Furthermore, the empty
pomset @ € X naturally serves as candidate for term(X) (cf. (DC1)).

Formalizing the approach with the step-wise operational behavior for pomset
families described above, we obtain suffix transition systems where cuts of the
pomset family members are represented by the pomset of future events. To
complete the picture, we further present prefirx transition systems for pomset
families where cuts are represented by pomsets of past events.

For the remainder of this section, let us fix a pomset family 3 € POF 5.

3.1 Suffix transition systems
Definition 3. The suffix transition system of P is given by

7;uff [;B] = (2SUH(q}) ’ mv ~ s)

where T = {X < Suff(P) : @ € X}, and where for X, < Suff(P) we have
X &Y iff D = Suffu(X).

3 Note that Suff, () is a singleton as we assume pomsets to be not autoconcurrent.
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Note that states of the suffix transition system of 8 might be an infinite pomset
family in case ‘B is infinite.

Ezxample 4. Let us return to our running example, i.e., let us consider the MSG
Gpsp from Example 3| By the definition of the pomset semantics for MSGs, we
have P[Grsp] = M O ... © M, ® M,}. For illustration purposes, we extend
the definition of ® towards pomset families by XY ©2) = {X¥ Y : Y € 9}. Using
this abbreviation and with 8 = P[Gusp], Figure shows a fragment of the suffix
transition system Tgug[P] with initial state 8 and one termination state {@}.
Tsut[B] contains cycles and is infinite since for all £ € IN the pomset family

{Mt|{?} O...0Mily © ((Mt|{?,to} OFP)u {Ma|{?d,!a,?a}})

k times

is a reachable state in Tgug[P].

rls(ack str(ack
Mt|{t()} O] m U {M(L‘{!(l"?(l}} ( ) {M”H?‘l}} #

r?s(data) T r?s(data)
Mil2.00y @B U{Mal(2d,10,703 } Mil(2.00y © B U{Mal(2d,10,70) }
slr(data) ~.s(to)
s(t ?s(dat
— P / s(to) l slr(data) T rts(daia)
M|y ©P Ml © (Melz,00) © BU{Mal2a,00,70} })
r?s(data) 9(to)\A

Fig. 2. Fragment of the suffix transition system for PB[Gnsp]

Proposition 1 (Properties of Tgui[B]). Given P € POF 5,

(a) Tsurt|B] is deterministic, and
(b) lang(Teuee[B]) = lang(B).

Proof. Tt is easy to see by the definition of Suff, () that Tsug[B] is deterministi(ﬂ
Let us now show language equality of Tg,g[B] and B:

(=) Let w € [ang(ﬁuﬁ[‘ﬁ]), i.e., there is an execution XgaoXiaq...n_1X,
of Teust[P] with Xo = B, X, € T and w = apay...a,—1. Then, by the
definition of T, @ € X,,. Furthermore, by the definition of Suff,(-), there is
a P € Xg such that for all i < n there is P; € X; with Py = P, P, = @ and
Pir1 = Suff,, (P;). We show that w is a linearization of Py = (E, <, ), i.e.,
there is a bijection ¢: {0,...,n—1} — E with A(£(7)) = «; and £(i) 3 £(j)
for all i < j < n. For i < n, let £(i) be the uniquely defined event in
Pi\Pi+1. Then, since P; 1 = Suff,, (P;), )\(g(z)) = q for all i < n. Towards
a contradiction, assume that there are i < j such that £(i) > &£(j). Then,
by the definition of suffixes, P; is upward closed and thus, £(4) € P;. Hence,
by the definition of Suff,(-), for all & > ¢ we have £(i) € Py, which yields
£(7) ¢ P;\Piy1, contradicting the definition of &.

* Recall that determinism depends only on the reachable part in Tous[B].
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(<) Let w € lang(R), i.e., there is some P € P such that w € Lin(P). With w =
agay ... a,—1 and P = (E, <, A) there is thus a bijection ¢: {0,...,n—1} —
E with A(£(i)) = oy and £(i) $ £(j) for all i < j < n. Let P; for i < n
be inductively defined by Py = P and P11 = P;\{£(¢)}. Then for all i < n
we have that £(i) is a minimal event in P; and thus, by the definition of
suffixes, P;+1 = Suff,, (P;). Thus, there is a path 7 = XoapX101 ... an_1%,
in Ture[P] with Xp = P and where P; € X; for all i < n. As @ = P, we
have that @ € X,, and hence, 7 is an execution in Tg,gs[B]. This directly
yields w € lang(Tsue[B]). =

Motivated by the last proposition and the fact that the step-wise behavior and
the termination states satisfy the rules for delayed choice on suffix pomset fami-
lies as illustrated in the introductory argumentation of this section, we use suffix
transition systems as a reference model for delayed-choice semantics on pomset
families.

Definition 4. A transition system T for a pomset family P obeys delayed
choice if T is deterministic and bisimilar to Toug[B].

3.2 Prefix transition systems

We now define prefix transition systems, where states are given by prefixes of a
pomset family. Intuitively, any prefix stands for the partially ordered history of
an execution of the system. Prefix transition systems generalize the transition-
system semantics for MSGs of [§] towards arbitrary pomset families (possibly
not generated by MSGs).

Definition 5. The prefix transition system semantics of P is given by
ToetlB] = (27'% {0}, ~, ),

where T = {X S Pref(P) : X n‘P # I} and where for X, < Pref(P) we have
X AY iff X = Prefo (D).

Ezample 5. In Figure a fragment of the prefix transition system Tpyef [‘B[gbsp]]
is depicted where Gpg, is as in Example [3| Note that in this example, every
reachable pomset family is a singleton.

Proposition 2 (Properties of Tp.c:[F]). Given P € POF 5,

(a) Toref[B] is acyclic,

(b) Toret[B] is deterministic, and

(c) lang(Tprer[B]) = lang(P).

Proof. In order to show that T[] is acyclic, we rely on the fact that for all

X < Pref("P) reachable in Tper[P] we have that X', € X implies |X| = |Y)|. Let
now #(X) denote the number of events contained in each X € X. Then, for all

reachable X,9) < Pref(‘P) with X 4 Q) we have #(2)) = #(X)+1. Thus, Tpret[F]
is acyclic. For any 9 < Pref() and a € X, X = Pref,(2) is uniquely defined
and by the definition of “, we directly obtain that Toret[B] is deterministic. Let
us now show language equality of Tprer[P] and P:
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2
{0} str(data)  {Mil oy © Mol } =82 o (M 110y © Miliop} —s'r(data)

!
slr(data) {Milpmy} 25 (data) r?s(data) r?s(data)

s(t
My} s(to) {MtQMth!}}W{Mt@Mt‘{!,tn}}

M.} 0
slr(data)
r?s(dat}‘{Mt“!’?}} s(to) r?s(dm \r?s(data)

r!s(ach{Mah!d’?d’!a}} sr(ack)

Fig. 3. Fragment of the prefix transition system for P3[Gpsp|

(=) Let w € lang(Tpret[B]), i.e., there is an execution XoapXicy ... 1%,
of Toret[P] with Xy = {@}, X, € T and w = o ... a,—1. Then, by the
definition of ¥, there is some P, = (E,<,\) € X, such that P, € P.
Furthermore, by the definition of Pref,(-), for all ¢ < n there is P; € X;
with P; = Pref,, (Pi+1). We show that w is a linearization of P, i.e., there
is a bijection &: {0,...,n—1} — E with A(£(7)) = a; and £(z) 3 £(5) for all
1 < j <n.Fori<mn,let £(i) be the uniquely defined event in P;1\P;. Then,
since P; = Pref,, (Pit1), AM&(7)) = oy for all ¢ < n. Towards a contradiction,
assume that there are i < j such that £(¢) > £(j). Then, by the definition
of prefixes, P; 41 is downward closed and thus, £(j) € P;y1. Hence, by the
definition of Pref,(-), for all k& > i we have £(j) € Pk, which yields £(j) ¢
P;+1\P;, contradicting the definition of .

(<) Let w € lang(P), i.e., there is some P € P such that w € Lin(P). With w =
g ... an—1 and P = (E, <, A) there is thus a bijection ¢: {0,...,n—1} —
E with A(&(7)) = o; and £(i) 3+ £(j) for all i < j < n. Let E; for i < n
be inductively defined by E = J and E; 1 = E; u {£(¢)}. Furthermore, let
P; = Plg, for all i < n. Since £(i) $ £(j) for all i < j < n, all P; are
downward closed and thus, by the definition of prefixes, P; = Pref,, (P;+1).
Thus, there is a path m = XoapX1a1 ... apn—1X, in Tprer[B] with Xy = {@}
and where P; € X; for all i < n. As P,, = P, we have that P € X,, and
hence, X,, P # J. Thus, 7 is an execution in Tpref[P] and hence, w €

[ang (7;)ref [%]) . =

The above proposition in combination with Proposition |l|and Lemma [1|directly
yields that Tpref[B] is a delayed-choice semantics for 3:

Theorem 1. Tpef[B] obeys delayed choice, i.e., Toret[B] is deterministic and
bisimilar to Tsug[B].
3.3 Comparison and discussion

To further illustrate the differences between suffix and prefix transition sys-
tems, let us consider a simple example issuing a pomset family P = {X,V}
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that comprises the pomsets X = ({e,e'},{(e,€)},{(e,a),(¢/,&/)}) and Y =
({e.e'}, &, {(e,a), (¢, &)}). Figuredepicts the resulting suffix and prefix tran-
sition systems for 8. When executing « followed by o', the choice between X
and ) is delayed, i.e., this execution could follow either X or ). However, when
executing o first, the choice between X' and ) is resolved towards ). Whereas

»{@}ﬂ'm{e'}}i' »{Xy}ﬁv{y{e}}i‘
a\‘{yl{e}}T Q\A{y\{e’}}{

(1) (2)

Fig. 4. The (1) prefix and (2) suffix transition system for P = {X, Y}

in the case of the suffix transition system there is only one termination state, the
prefix transition system contains the history of the execution and has two termi-
nation states. Note that both transition systems contain states which comprise
more than one pomset.

Using the process algebra introduced in [I7J3T], we can describe B by the
process-algebraic term (af|o’) F (a-a’). Using the rules specified in [31], we obtain
the transition system depicted in (1) of Figure [5] which corresponds to the prefix
transition system for 3. Identifying bisimilar process-algebraic terms using the
bisimulation < provided in [31] yields a transition system corresponding to the
suffix transition system for 9B, depicted in (2) of Figure

!/
—(afla’) F (a-0’) 2> afe —2» o oo
« , , ~a
(ella’) F (e-a’) — |(clle) F a

(1) (2)

Fig. 5. Transition system of (a|a’) F (a-a’) (1) and its quotient w.r.t. « (2)

Note that in contrast to the prefix transition system Tpret [‘B[Qbsp]] detailed in
Example [5) Tpret [BB] contains reachable states that are not singletons.

Lemma 2. For all MSGs G, the reachable states of Tyret [‘,B[g]] are singletons.

Proof. As Toet[B[G]] is deterministic (see Proposition ), every action se-
quence w € Act™ for which there is a path yields a uniquely defined state that
we denote by X,,. Towards an induction on w, the statement holds for w = ¢ as
then, X, = {@}. Let w be such that X, = {(F,<,\)}. Consider an a € Act,
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for a process p € P such that there is an a-transition in X,, leading to X,,,. Let
X € Xyo with X = (Eu{e}, <u(X x{e}), \u{(e,a)}) for X < E. This can be
assumed w.l.o.g. due to the definition of Pref,(-). If « is a local or send event,
then X = |E,x{e} due to the definition of ® and the fact that local and send
events have at most one direct predecessor in an MSC. Let a = p?q(m) and k
denote the number of a-events in E. Since every receive event is mapped to a
send event in a basic MSC, this mapping takes over to MSCs in PB[G] by the
definition of ®. Thus, the kth event labeled by g¢!p(m) on the process line E, is
a direct predecessor of e in X'. Since every receive event has at most two direct
predecessors, we obtain X = |é u |E, again by the definition of ®. Hence, X is
uniquely defined through (E, <, A) and «, leading to X, being a singleton. ©

4 An event structure for pomset families

In this section, we present a branching-time semantics for pomset families that
is non-interleaving, i.e., models causal dependencies and independence explicitly.
Throughout this section, we fix a pomset family 8 over Y. Similar to concepts
of [32], we define an event structure for P8 where events are pomsets that arise
from the downward closure of an event in some pomset of 3. More formally, for
a pomset P € P with P = (F, <,v) and e € F', we consider the pomset downward
closure of e as P||. with e ={e/ € F: ¢/ <e}.

Definition 6. The pomset event structure E[P] is given by (E, <, A, #, Term)
where

— E={Plje:P=(F<,v)eP,ceF}

X <Y iff X € Pref())

AP|ie) =vle) for P = (F,<,v)eP,ee F

X#Y iff there is no P € B with X, € Pref(P)

— X € Term iff there is P = (F,<,v) € P such that X = {P||.: e€ F}

To show that E[P] is well defined, we note that (F, <, \) is a (possibly infinite)
pomset as the prefix relation on any pomset family is a partial order, and #
is clearly irreflexive and symmetric. Furthermore, the principle of finite causes
holds as P = (F, <,v) € P is finite and thus, Pref(P|,.) is also finite for all e € F.
To show that conflict heredity holds, let X,), Z € E and X#), Y < Z and
assume that X# Z does not hold. Then, there is P € B such that X, Z € Pref(P).
By the definition of <, ) € Pref(Z) < Pref(P), which contradicts X#) as there
should be no Q € B with X, € Pref(Q), violated by Q = P. It is left to show
that Term < Conf (€[%B]), which is a direct consequence of the following lemma.

Lemma 3. For all P = (F,<,v) € Pref(P), C = {P|c : e € F}, we have
C e Conf(E[B]) and P = (C,<|c, M|e).

Proof. Towards an induction on n = |F|, the statement is clearly fulfilled for n =
0 by & € Conf(E[B]). Now, let |F| = n+1 and assume that the statement holds
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for all Q € Pref(P3) with an event space containing n elements. In particular, for
all a € X with P’ = (F', <|p+,v|p:) € Pref,(P) there is an f € F with v(f) = «
such that F\F" = {f}. Since we assume pomsets to be not autoconcurrent, f is
uniquely defined if it exists. We first show that C = C’ U {P|,s} € Conf (£[P])
with C’ = {P’|,c : e € F'}. Since P € Pref() we have P| s € E. Furthermore,
C’ € Conf(E[%B]) by induction hypothesis and thus C' = E. C is conflict-free
with P as witness. Now assume that C' is not downward-closed, i.e., there is
an X € E\C with X < P|;s. By the definition of < we have X € Pref(P| ).
Thus, there is an x € F with X = P|,. If z # f, then X € C" and if z = f,
then X = P|;;. Hence, X € C, contradicting X € E\C. Now we show that
P = (C,<|¢,Mc)- By induction hypothesis, we have P’ = (C',<|cr, A|ev)-
Thus, it suffices to show that for all e € F' we have e < f iff P|. < P|y:

(=) It follows directly that |e < | f and thus, P|,. € Pref(P] ¢).
(<) From P||. € Pref(P|,s), we get le € | f and thus, €’ < fforalle’ € le. O

4.1 Properties of pomset event structures

In the general case, pomset event structures do not induce a deterministic tran-
sition system such they do not obey delayed choice in the sense of Definition
We illustrate this fact by the following example.

Example 6. Let us reconsider the example of Section [3.3] On the left of Figure[6]
the pomset event structure of {X, Y} is depicted (1), where the arrow connects

Vlery i,{y{er}}ﬁ (Ve Vler }
S — @ a/
\
o ey} — [V, X3

1) 2)

Yy — X

Fig.6. £[{X,Y}] (1) and induced transition system ts(E[{X,V}]) (2)

causal dependent events and the dashed line conflicting ones. On the right of
Figure [6] the induced transition system is shown (2). Note that this transition
system is non-deterministic in the configuration {y|{e}}.

We now present a further lemma that intuitively provides the backward direction
of Lemma, [3t

Lemma 4. For all C € Conf(£[P]) we have (C, <|c, A|c) € Pref(P).

Proof. Since C' is conflict-free there is a P = (F,<,v) € Pref(d) such that
X € Pref(P) for all X € C. Thus, there is a function £: C — F such that for
all X € C we have X = P|¢(x). Clearly, ¢ is injective and it is left to show
that Plecy = (C, <[c, Alc). We do so by showing that for all X', ) € C' we have
§X) < £ EX <Y
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(=) From [£(X) < [£(Y), we get Ple(x) € Pref(Ple(yy) and hence, X' € Pref()).
(<) As X € Pref()), we have Pl¢(x) € Pref(P|¢(yy) and thus, [£(X) < [£(V).
Hence, for all ¢’ € |{(X) we get ¢/ < £(Y) and in particular £(X) < (V). O

Mainly relying on Lemma [3] and the Lemma [4] above, we show compatibility of
E[PB] with its generating pomset J:

Theorem 2 (Compatibility Theorem). pof(£[P]) = B.

Proof. (<) For all P € pof(£[P]) there is some C' € Term with P = (C, <
|, Ale). By Lemma [4] we have P € Pref(3) and due to the definition of
Term in E[P], we finally obtain P € .

(2) Let P = (F,<,v) € B and C = {P|,c : e € F}. Then, due to Lemma 3]
P = (C,<|c,Nc) and C € Term. Thus, by the definition of pof, we get
P € pof(E[R]). o

4.2 Pomset event structures for MSGs

As any MSG G induces a pomset semantics B[G], an event structure semantics
for G is naturally defined through £ [qs[g]]

Ezample 7. Let us consider the running example with the MSG Gy, from Exam-
ple and denote its event structure by £ [m[gbsp]] = (B, <, A\, #, Term). Figure
shows a fragment of £[PB[Ghsp]|. Arrows indicate direct successors, i.e., e — €
iff e < ¢’ and there is no €¢” € E with e < ¢” < ¢’. Dashed lines connect minimal
conflicting events, i.e., e ... €' iff e#e’ and there is no ¢’ € F with e#e” < ¢
or ¢'#¢"” < e. All other conflicting events can be derived from these minimal
conflicting events through conflict heredity. Note that, e.g., the event M, has

/Mth!,w} — Mlg110y © Melpy —> Myl (110r © Myl gy —> -

./Vlt|{y} \./Vlz @./Vlt|{!;?}

\ ™~ M, O Malia,2d1ay — -+
Mt'{!,?} —_— Ma,‘{!d,?d,!a} _— Ma

Fig. 7. Fragment of the event structure for B[Gpsp]

no successor and is in conflict with every event of the upper branch of Figure [7}
Thus, the configuration C' = { M|y, Mil 2y, Maljig,2d,1a), Ma} is maximal in
the sense that it cannot be extended by any other event. Furthermore, C' € Term

as M, € B.

Note that the basis for our construction in Definition [6]is provided by pomset
downward closures, which in the setting of MSGs correspond to p-views for
processes p € P [13]. Although the transition system induced by a pomset event
structure does neither need to be deterministic nor bisimilar to the corresponding
suffix transition system (see Example @, it obeys delayed choice in the setting
of MSGs:
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Theorem 3. Let G be an MSG. Then, ts(E[B[G]]) is isomorphic to Toret|B[F]].

Proof. Let us denote [B[G]] by £ = (E, <, A\, #, Term) and the transition re-
lation of ts(£) by —>. Furthermore, let Tp.et[B[G]] = (S, {@}, ~, F). Lemma
induces a mapping ¢: Conf(€) — Pref(B[G]) by £(C) = (C,<|c, M) for all
C € Conf(€). Due to Lemma [3] £ is bijective. Since every reachable state X in
Toret [ B[G]] is a singleton (see Lemma, it suffices to show that for all a € Act

and C, D € Conf (&) we have C - D iff {¢(C)} ~ {¢(D)}.

(=) For C -% D there is an event e € E such that D = C U {e} and \(e) = a.
By the definition of prefixes and the fact that we only consider pomsets that
are not autoconcurrent, we thus obtain {(C,<|c,A|lc)} = Pref, ({(D, <

D, Alp)}). Hence, {¢(C)} = {¢(D)}.

(<) Tet {£C)} ~ {ED)}. Then {(C,<|o, M)} = Prefa({(D, <[p, Ap)})
and thus, there is an event e € D with A(e) = « such that (C,<|c, M) =
(D\{e}, <|p\(e}> Al Dty )- By Lemmawe obtain C' = D\{e} and hence, the
definition of ts(-) yields C - D.

It is left to show that C' € Term iff {£(C)} € T. Due to Theorem [2| we have
C € Term iff {(C) € P[G]. By the definition of Tpet[B[G]] and Lemma
{X} e Tiff X € P[G]. The statement follows directly since £ is a bijection. o

As a direct consequence of the above theorem and Theorem [I} we obtain
that £ [q;z[g]] can be seen as a delayed-choice semantics for G. Thus, our defini-
tion of pomset event structures covers the first non-interleaving branching-time
semantics for MSGs that follows the delayed-choice principle.

Corollary 1. ts(E[]) obeys delayed choice, i.e., ts(E[P]) is deterministic and
bisimilar to Tsug[B].

5 Conclusion

The main contribution of this paper is that we provided a semantical frame-
work of branching-time semantics for pomset families and MSGs following the
delayed-choice principle. In contrast to the original definition of delayed choice
based on process algebras, we circumvented the intrinsic linear-time operators
in terms of delayed choice [3] and weak sequential composition [33] by operating
directly on pomset families. Within this approach, delayed choice corresponds
to the standard union operation on pomset families that arise from removing
minimal events of pomset family members, and weak sequential composition cor-
responds to local concatenation of pomsets [30] (as intended by [33]). We thus
avoid difficulties within the definition of the standard operational semantics for
MSG [17/31] that require fixed points over operator-defining rules with negative
premises. As a reference semantics, we defined suffix transition systems, which
closely follow the process-algebraic approach in the sense that states represent
future behaviors. The prefix transition-system semantics provides a connection
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to the branching-time semantics defined in [§], where quantitative aspects for
MSGs have been investigated. Whereas previously presented event-structure se-
mantics for MSGs [12] do not follow the delayed-choice principle, we constructed
an event structure that is consistent with our transition-system semantics, i.e.,
those transition system is deterministic and bisimilar to our reference semantics.

We illustrated that our event structure semantics follows the delayed-choice
principle by referring to its induced transition system. It naturally arises the
question whether there is a reasonable definition of delayed choice directly on
event structures, possibly relying on deterministic event structures [32]. This
question and the problem of defining an event structure obeying delayed choice
for arbitrary pomset families is left for further work. Towards an application of
our semantical framework, extending LOTOS [6] with a delayed-choice operator
could enable reasoning about delayed-choice semantics for pomsets and MSGs.

Acknowledgements. The authors thank Arend Rensink and Joost-Pieter Ka-
toen for their valuable comments on this paper.
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